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EMMANUEL NICHOLAS BARRON

ABSTRACT. In §1 we formulate a differential game when the dynamics
is the inhomogeneous heat equation. In §2 we state the basic theory of differ-
ential games when the controls must choose uniformly Lipschitz control func-
tions. We then prove some general theorems for the case when the controls may
choose any measurable control functions. These theorems hold for games with
any dynamics. In §3 we apply our theory developed to our particular example
and in §4 we prove the existence of value for games with partial differential
equations.

Introduction. For constants M, L >0, let V*(M, L) denote the upper
value of a differential game with any dynamics of fixed duration when the player
y is restricted to choosing control functions which are Lipschitz (M) and the
player z is restricted to choosing control functions which are Lipschitz (L). We
will show that a differential game has value ¥ (in the sense of Friedman [1], [2])
if lim _, , limy,, ., VY@M, L) = lim, ., lim;_, ., V* (¥, L); furthermore ¥ =
limy,,, lim; ., VM, L).

For the particular case of games with ordinary differential equations we will
show that the equality of the iterated limits is necessary as well as sufficient;
furthermore, if the value, ¥/, exists then the double limit lim sy 1, (o o)V ¥ (M, L)
exists and equals V.

Finally, for games with ordinary differential equations, Friedman [2], [3],
Elliott-Kalton [5] and Fleming [6] have shown the existence of value when
the so-called Isaacs minimax condition holds. Using the results of the present
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paper mentioned above, we shall extend the Friedman-Elliott-Kalton-Fleming theo-
remto games with partial differential equations.

1. Preliminaries. We denote the m-dimensional Euclidean space by R™.
Consider the initial-boundary value problem:

a.1n oufdt = %u/dx® +f(y,z2) (0<t<T,0<x<B),
(1.2) u(0, x) = ¢(x),
1.3) u(t, 0) = a(?),
(14) u(t, B) = b(t).

Let Y, Z be given compact subsets of some RP, RY respectively. We assume

f is Lipschitz continuous in (y, z) €Y x Z,
(A) ¢ is continuous in x € [0, B],

a and b are continuous in ¢ € [0, T].

#(0) = a(0), ¢(B) = b(0).

The set Y (Z) is called the control set for the “player” y (z). A measur-

able function y(t, x) (z(z, x)) with values in Y (Z) for almost all (¢, x) € [0, T]
x [0, B] is called a control function for y (z). If we substitute in (1.1) any con-
trol functions y = y(¢, x), z=2(t,x) (0 <t < T, 0 <x < B) we obtain a differ-
ential equation:

(1.5) du/dt = 9%u/ox? + f(y(t, x), 2(t, x)) (0<t<T,0<x<B).

Denote by G the Green’s function for the problem (1.1)—(1.4). When y and
z have chosen the control functions y (¢, x) and z(¢, x), respectively, then a solu-
tion of (1.2)—(1.5) is given by

ut, )= [ [§ G x:7, )F (5, §), 267, ) dE dr

(1.6) 14 G
+ [ G, %:0,£)0()dk + [ ;g Ok

b(7) : dr.
t=B
The condition (A) insures that each integral appearing in (1.6) is well defined.
Note that u given by (1.6) is continuous on [0, T'] x [0, B] and satisfies (1.5)
almost everywhere. We call u(z, x) the trajectory corresponding to y(z, x), z(t, x).
We introduce a functional, called a payoff functional:

a7 P(y, 2)= f : f : h(t, x, u(t, x), ¥ (¢, x), 2(t, x))dx dt

where A is a given function.
We shall assume:
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h(t, x, u, y, z) is uniformly Lipschitz continuous on
[0,7] x [0,B] xR! x Y x Z

Unless otherwise noted, conditions (A) and (B) will hold throughout this paper.

The condition (B) insures that the payoff (1.7) is well defined for each par-
ticular choice of control functions y(¢, x), z(t, x). The aim of y will be to maxi-
mize the payoff and the aim of z will be to minimize it. The precise circum-
stances under which these two conflicting aims are to be carried out when y and
z choose measurable control functions is explained in Friedman [1], [2]. We
shall use and conform to Friedman’s notation. Thus, for example, we use his
concepts of upper 8-value, V%, lower 5-value Vs, upper value, vt = lims_,oVa
and lower value ¥~ = lim;_, V. Here, for a any positive integer, we set § =
T/« and partition the interval [0, T'] into a subintervals I; of length §:

(B)

(1.8) I, ={t€[0,T]: 0<t<§,},

(1.9) ,={te[0,T]:5;_, <t<§;} (2<j<a),

where 6,- =j*6,1<j<0e,8,=0,8,=T. Also Y, andZ, are the classes of
measurable functions defined on II x [0, B] whose values are almost everywhere,
contained in Y, Z, respectively. Proceed as in Friedman. Finally, §-strategies
I'®, T for y and A%, A; for z are as defined in Friedman [1], [2].

Following Friedman, we say the “game associated with (1.1)—(1.4) and
payoff (1.7) has value, V,if V* = V™. Then V¥ =V.”

We shall use all of the results quoted in Friedman [1], [2] relating to V%,
Vs, v, v,

2. Differential games with Lipschitz control functions. We shall state and
prove the results of this section for the dynamics (1.1)—(1.4) and payoff (1.7)
although the results are valid for games with ordinary differential and integral
equations as dynamics. For other dynamics the proofs are similar. Let f|, de-
note the function f restricted to the set 4.

NoTATION. Given positive constants M, L, let Y (I x J), ZX(I x J) be
the classes of all functions defined on the cross product I x J of intervals I and
J C R! which are uniformly Lipschitz continuous on I x J with Lipschitz con-
stant M and L, respectively, and whose values are in given compact subsets ¥ C
RP and Z C RY, respectively. A functionin Y™(I x J) (ZE(I x J)) will be de-
noted by yy, =y 1, X) (z;, =z, (2, x)).

Let YM'(I x J) (Z5(I x J)) denote the subclass of functions in YM(I x J)
(ZX(1 x J)) which are some fixed element of Y (Z),say y (2), at (0, x) Gf
©0,x)EIxJ).

REMARK 2.1. 1. By the Arzéla-Ascoli lemma, Y ([0, T] x [0, B]) and
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ZL([0, T] x [0, B]) are compact in the topology of continuous functions (or in
LP, 1 <p < oo, LP denotes the usual Lebesgue spaces). Since Yg’ ([0, T] x
[0, B]) and Z%([0, T] x [0, B]) are closed sets, they are also compact.

2. In the above notational definitions we could require that y, z be fixed
functions of x, i.e. ¥y = y(0, x), Z = (0, x), x € [0, B], but the added re-
striction above is more convenient. The proofs go through with y, Z fixed func-
tions of x.

3. In this paper, for convenience we deal with the intervals [0, 7] and
[0, B], however we can certainly use other initial points (¢,, x,) so that we are
on the rectangle [ty, T] x [xy, B]. In this case y = Y (ty, x), Z = Z (t, Xx).

When one or both players in a differential game must choose a Lipschitz
function, then we call such a game a Lipschitz differential game. We state the
setting in the following.

Partition [0, T'] into the & subintervals of equal length § = T/a given by
(1.8), (1.9). Let YM = Y¥(; x [0, B]), ZF = ZL(; x [0, B)).

Let MT'+/ be any map from Z, x YM x Z, x Y} x =+ xZ;_ x
YM, x Z;into YM and let MT® = (Mr®!, .. Mrée),

Let A%/ be any map from Y, x Zk x Y, x Z§ x +=+ x ¥;_, x Z[ |
x Yy into Zf and let La% = (LA%1, ., LASe),

Let ¥ T, denote any function in YM and let M T5,; (2<j<a)beany
map from YM x Z; x «++ x YM, x Z;_, into YM. Let Iy = (MT ,,. ..,
MPG,a)'

Let LA, , denote any function in Z] and let LA; ; (2 <j < a) be any
map from ZX x Y, x +++ x ZF | x Y;_, into ZF. Let LAy = (Y4, ...,
Lag ).

Given any pair (LAG , ) we can uniquely construct control functions
yf,(t, x) and z; (¢, x) with components y,; ;, z; ; on I; x [0,B] byz , =
Lag 1oy, =MT8 e, )and for 2<j<a

MFB

.1) zp;= LAs,;(zL,,,yM,p cee azL,j—l»yM,l—l)’

(2'2) = MI‘S

Iu.j g mas - -0 2L -1 Yu -0 2L,

We call a vector MI'® (LA,) such that the function 3t x) @ Ls( x))is
a member of Y¥([0, T] x [0, B]) (ZE([0, T] x [0, B])) an upper (M)
strategy for y (lower §(L) strategy for z).

We call the pair ( y:,, z; ) the (M, L)youtcome, or simply the outcome
of the pair of §-strategies (“A;, ¥I'®). We write the corresponding payoff (1.7)
in the form
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P(.Y:,,ZL,G) EP[LAs,MFS]
(2.3)
EP[LAG'I,MI\S,I, cey LAs’a,Ml-ua,a].

We call the above scheme an upper 5-(M, L) game and denote it by #>£G®. Thus,
in M-LG® y chooses an upper 5-(M) strategy I, z chooses a lower 5-(L)
strategy £ A; and they “play” according to (2.1), (2.2). The payoff of this “play”
is given by (2.3). The number

VoM,L)= inf sup +++ inf sup P[ Ag 1 M8,
@4) Lag  Mpoil Lag o Mro.e
Mpé,a
ces ’LAs,a’ re.e]
is called the upper §-(M, L) value of the game M'LG®.

Similarly we define the concept of a lower §-(M, L) game M 'LGy and lower
8-(M, L) value Vg(M, L). Here y chooses a lower §-(M) strategy M Ty, z chooses
an upper 8-(L) strategy LA® and they play in a fashion similar to (2.1), (2.2).

Then V5 (M, L) is given by

Vs L)= sup inf -+ sup inf P[Mry,Fa%t, ... ML, Labe)
R My, , Lad.e
Note that our definitions of lower &-(M) strategies, Ps , and upper 8- (L) strat-
egles, L A®, require that the outcome functions Yums =Vu,s(t x) and 2% =
28 (t, x) be members of YM([0, T] x [0, B])and ZZ([0, T] x [0, B]), re-
spectively.

DEFINITION. Denote by V2(M)= V4 (M, =) (V;(M)= Vs(M, =)) the upper
8-(M, =) value (lower 8-(M, =) value) of the (M, *o)-differential game. That is,
in the (M, =)-game, z can choose any measurable control function.

Similarly, denote by V3(L) = V5(eq L) (Vs(L) = Vj(, L)) the
upper §-(e3, L) value (lower §-(c°, L) value) of the (oo, L)-differential game.
Thus, in the (e, L)-game, y chooses any measurable control function.

DEFINITION. The pair of sequences M-2G = ((MLG}, { MLG ), 6 =
Tla,a=1,2,...,is called the (M, L)differential game associated with the
initial-boundary value problem (1.1)—(1.4) and payoff (1.7).

If lims_,oVa(M, L) (limg,oVs(M, L)) exists, we call it the upper
(M, L)-value (lower (M, L)-value) of the (M, L)-differential game LG and de-
note it by V*(M, L) =limg_, VoM, L) (V~(M, L) = lims_, oV, (M, L)).

If V*(M, L) exist and V*(M, L) = V~(M, L), then we denote V' (M, L)
by V(M, L) and call it the (M, L)value of the (M, L)-differential game.

REMARK 22. The definitions and results for V° (M, L), V(M, L) are similar
to Friedman’s definitions and results for V9, Vs in [1], [2]. The proof exten-



44 E. N. BARRON

sions to V3(M, L), Vs(M, L) are clear and we shall consider them established and
shall use the results throughout. In particular ¥ *(M, L)exists uniformly in (M, L).
LemMMA 2.1. ForeachM=0,L = 0,
QW vty=v*r*m n=>v-M, L)=V-M),
@ V@) = vieL D= vion,
(i) M=>M'> 0 implies VM, L) = V*(M', L),
@(v) L >L' > 0implies VM, L) < V*(M, L').

The proof of Lemma 2.1 is immediate upon comparing classes of control
functions.
The main purpose of this section is to establish the following:

TuEOREM 2.1. Let (A), (B) hold. If

lim lLm VY@M, L)= hm hm VtM, L)
(2'5) M- [—oc0
then the differential game associated with (1.1)—(1.4) and payoff (1.7) has value
V,ie V=V*t=V"and
V= 1lim lim VY@M L)= lim lim V*(M, L).
L—>00 M~>oc0 M- [~

Note that by Lemma 2.1 each iterated limit in (2.5) exists.

For simplicity we will prove Theorem 2.1 in the case B = T although the
proof can be carried out in general.

We introduce various intermediate concepts of values in which the controls
will be restricted to choosing various types of functions. We also will introduce
a double partition on the interval [0, T'] which we shall use in introducing still
more types of values. In the following definitions of these various types of
values we give only a formal description. The precise details are tedious and are
similar to those given above and in Friedman [1], [2].

Partition [0, T'] x [0, B] into §-squares, § = T/a, @ a positive integer:

I xI, =[0,8,] xI,

I x I, ={(tx)€[0,T] x [O,B]:iSi_l <t<8;,8;_y <x<§;}

for1<jk <a,8,=j+5,8,=0,6,=T=B. WecallI; x I, adsquare.

Partition [0, T'] also mto n-ntervals, 7 = T/B, B a positive integer: K, =
[0,7,1, K,={t€[0,T]:m,_, <t<n}for2<r<B,n,=r-n,1,=0,
g = T

All the control functions below take values in the given compact sets Y or
Z. If the controls are measurable we mean this in the sense of almost everywhere.
If the controls are continuous we mean everywhere.

DEeFINITION. (i) st —upper §-value with y choosing control functions
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which are constants on §-squares. That is, on each i xL,y= y(¢, x) will be a
constant. The corresponding &-strategies are denoted by A;, ” I'®. Note that for
a pair (A, *T'®) the z-outcome is a measurable function.

Similarly , V'8 denotes the upper 5-value with z choosing controls constant
on &-squares. The corresponding §-strategies are denoted by 2A;, I'®. Here the
y-outcome of a pair G4y, I'®) is a measurable function.

(ii) 9.8 V"—upper n-value with y choosing control functions which are con-
stants on §-squares. The 7n-strategies are denoted by 4, Y8, The z-outcome
of a pair is measurable.

Similarly for , ; V71, z chooses constants on §-squares. The corresponding
n-strategies arg denoted by *?A,, ',

(i) , V8(L)-upper 5-value with y choosing constants on §-squares and z
choosing elements of Z§([0, T] x [0, B]). Denote the &-strategies by Lga ,7T8,

Similarly for , 198 (M), z chooses constants on §-squares and y chooses from
Y$([0, T] x [0, B]). The &-strategies are denoted by A, M (I)‘s.

@) ,5 19"(L)—upper n-value with y and z choosing as in (iii). Denote the

0
n-strategies by LA, 7017,

Similarly for , & 19"(M ). Denote the corresponding strategies by "sAn,
mpa,

Similarly we define lower 8- and n-values and strategies.

We offer some explanation for 9,6 V7. The others are similar. In this upper
n-game, z moves first on [0, n,] and chooses a measurable function defined on
[0,m,] x [0, B]. Then y moves on [0, n,] by choosing a function, say ¥, de-
fined on [0,7n,] x [0, B] and which is a constant on each [0, n,] x I;,1<j
<a. Thusy, =y, (t x) is a piecewise constant function on [0, n,] x [0, B].
This choice for y in [0, n,] determines y’s move in (M, m,1, (ny, n3], etc. up
to (m,_,,m] for some 1 << a, where (m;_ 1> m,] is the first n-interval to con-
tain the point §,,n,_, <&, <m,, since y must choose the same function up to
6. In(m_,,n;) y must choose the same function in (n,_,, §,) but then may
choose another piecewise constant function defined on (84, m;]. Then y must
remain with this choice up to 8, and the game proceeds.

We come to the basic lemma of this paper.

LEMMA 22. For every § >0

@ 1111_1110 25V = zya’ (i) },i-r»no 26Vn = ,Vs,



46 E. N. BARRON

(i) }zi?o ysV =V W) ,},i_’f’o v.8Vn =yVs:

0 0
) hm 2,5 VM) = V(M) uniformly in M,

0 0
() m 2,6 VM) = .V 8 (M) uniformly in M,
0 0
(vii) 3?0"8 V(L) = ,Vs(L) uniformly in L,

0
(vii) 'flzi"rPO 1.8 VL) = V(L) uniformly in L,

Proor. (iii) We must show the following:

Fix§>0. Lete > 0 be given. Then there is an ny(€) > 0 and

(2.6) there exists A such that n < n, implies , V5 > P[An( »,y] —€
for all controls y which are constants on §-squares;

(2.7) there exists ¥ ST such that n < 7o implies , V5 < P[z,” b l""(z)] +
€ for all controls z which are measurable functions, w1th the y-outcome of
@7 'SF"(Z)) a function which is constant on §-squares.

Establishing (2.6), (2.7) yields (iii) in view of the fact that, as is easily seen,

L8V =infsup P[A(»),] = swp infP[z 7P TG)],
An y y,8rﬂ z

Vs = inf supP[y, Ay = sup mfP[l"s(z) z],
Al Ts

y

where y is constant on &-squares.
To show (2.6) we have that there exists an upper &-strategy A% for z such
that

29 yVs ZPIp R3())] —¢

for all controls y constant on §-squares.

Let (y, z°) denote the outcome of (y, Zs( »)) given a control y con-
stant on §-squares. Note that z° Isa measurable function.

Define the lower 7-strategy A for z as follows:

Given any control y, constant on §-squares, let y have components y =

(715 ---sYp) Let
7, =4,,=%
where 7 is an arbitrary point in the control set Z,

~ ~ ~ _~
22 = An’z(zl, yl) =2 l’KxX[o,B]
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shifted to the right in ¢ by a distance 7, and, for 3 <j < g

5 =8, /GL Y12 Ve Gy Yi-1) = ;sllx,_,xlo.al
shifted to the right in ¢ by a distance n. Here, as above,K, ={te[0,T]: Ny
<t<nhm=j:nn=T/8.

Let A _(A,“,... a,.p)

Let (3, Z, )denote the outcome of ( Y, n( »). Note that z =7 26 X)
differs from 25 =750, x) only in that z is a shift of Z% by one mterval [0,n,]
of length 7 to the right, and zn is arbltrary in [0, n,]: zn(t -n,x)=72%@ x)
for (t, x) € [ny, T] x [0, B]. Thus, we can choose 7(€) such that n,(¢) <& and

(29 12, = Z°0 , <e forn<ng(e)).

Then, by elementary manipulations of (1.6), there is a positive function a(r) with
a(r) — 0 as r — 0 such that

(2.10) g — 4™ <om<e (@<nye),

where u; , 4™ are the trajectories corresponding to (y, z°) and (, Z,,), respec-
tively.

By (2.9), (2.10) and the continuity of h, there is another positive function
0(r), o (r) —0 as r — 0 such that for all controls y constant on §-squares,

IP(y, 2% — P(y, Z,)| <o(n) < e when n < ny(e).

Combining this with (2.8) yields (2.6). -
To show (2.7), we have that there exists a lower &-strategy for y, ” Ty
such that

2.11) Vs <P[yF5(Z), z] +e

for all measurable control functions z.
Given any control z, let (5, Vg » 2) denote the outcome of (" [y (z), z). Then
¥s is a function which is constant on §-squares, and z is a measurable function.
Since every lower 8-strategy can be consxdered to be an upper §-strategy, if
we define for all , - ST =T, I’y then ” 8 I‘" is well defined as an upper n-strat-
egy. Furthermore, the y-outcome of (z, ” ST I'"(z)) for any given control z will
be constant on §-squares. Thus by (2.11), for every 1

JVs <Pl2, 73T@)] +¢

for all measurable control functions z, which is (2 7)
PROOF OF (iv). Since it is easily seen that , ; ¥, > ,V; for all n smaller
than & we need only show that given € > 0, there is no(e) > 0 such that
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(2.12) 0<, sV, —,Vs <€ when n<ny(e).
Note that
§Vy = sup 1an["'81" ), z].
yﬁal"

Thus, there is a lower n-strategy ” '6Fn for y such that
(2.13) 3.6V SPPPT, @), 2] + €

for all measurable control functions z.

Given a measurable control z thh components z = (z,, . . ., z,) we de-
fine the following lower §-strategy T, Iy for y:

The control z = (z,, . . . , z,) has components z = (7, . . ., Zg) in the

n-game (n < &) which can be seen to be merely the restrlctxon of the a-compo-

nents to n-intervals. Let (z, yn) denote the outcome of (7 ST '2(2), 2). Then yn
is constant on §-squares; say yn has components (y Viseoos ya) with each yi
piecewise constant function defined on {z: 6y <t< 6;} x [0,B]. Let

yP&,l =) yF&,z(yl,zl) =Y

YTy [Py 2ys - - - ,}’,_l,z,_,)=3f, for3<j<a.

That is, given a control z = (z,, . . ., z,), play z against ’:8 Fn' The y-outcome
of this play is a function constant on §-squares. Define YT to be the strategy
giving the same y-outcome.

Thus, by (2.13), with n < §,

y.6 Vg SPPTs(2), 2] + ¢
for all measurable controls z; which yields (2.12) in view of the fact that
wVs = ys?z inf P[’T3(2), z].
The proofs of (i), (ii), (v), (vi), (vii), (viii) a(;e similar. Thus, in (vii) for example,

when we define the lower n-(L)-strategy LG for z we have
0
Ta=t8,,=7

where Z is the point in Z at which all the functions in Zk([0, T] x [0, B]) are
determined at (0, x). That is, for all z; € Z§([0, T] x [0, B]) z,(0,x) = g

Thus ?L’,(t, x) =z for all (¢, x) € [0, n,] x [0, B]. Proceed to define LXM
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0
as before by shifting the control function obtained from ZA® one interval in the

t-aags of length 7 to the right. Then, if Z, , denotes the z-(c))utcome of

(LZ,,( ), y) for a control y, constant on -squares, where LG = (LG, Lreees
0
LG’ g)» it is clear that

Z n€25([0, T] x [0, B]).

Again, we may choose n,(€) such that ||zL n = z‘s < o(n) <€, n < ny(e),
for some positive function o(r), a(r) — 0 as r — 0, where z° 1 is the z-outcome of

0
(», LA%(»)). Proceed as in the proof of (iii).

DEFINITION. Let yoVG(M, L) denote the upper 5-(M, L) value of an
(M, L)-differential game when y must choose controls from Y{,W ([o, T] x [0,B])
and z chooses controls from ZZ([0, T'] x [0, B]). Similarly ,,V®(M, L) de-
notes the upper §-(M, L) value when z chooses controls from Zf)‘ ([0,T] x [0,B])
and y chooses controls from YM([O T] x [0, B)).

Let VS(M)- yoV2 M, =) (V‘*(L)-zo 8(eo, L)). Recall that in
yoV (M, =), for example, z can choose any measurable control function and y
chooses from Y([0, T'] x [0, B]).

0 0
Similarly we define lower §-values yoVsM, L), ;o Vs(M, L), VsM), Vy(L).

Again we remark that ,oV*(M, L), ,oV*(M, L), etc. exist and we refer to
Friedman [1], [2] as above.

LEMMA 23. Foreach 6> 0and e> 0
(i) There exists L,(8, €) such that

25V + €82 = VL) for L>L,(5,¢€),1>0.

(ii) There exists L,(8, €) such that
2,6 Vn + 6/52 = Vﬂ(L) fO" L= L2(8, G), n >0.

(iii) There exists M, (8, €) such that

VM) >, VT —€/6?  for M> M, (5, €),n> 0.
(iv) There exists M,(5, €) such that

V,M)>, sV, — €/6%  for M>M, (8, €),n> 0.
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(v) There exists L} (5, €) such that
0
28V M) + €/s? > yoV"(M, L)y forL>L}(5,e),M>0,7>0.

(vi) There exists L}(8, €) such that
0
26 VaM) + €8>V, (M, L) for L =L, €),M>0,n>0.
(vii) There exists M} (8, €) such that
0
20V "M, L)> , VL) - €/s*  for M > M](5,€), L >0,7>0.
(viii) There exists M ;(6, €) such that

0
20VaM, L) =, sV (L) — €f6? for M >Mi(5,€),L>0,7>0.

Proor. (i) Fix 6 > 0. Since
2sVT= inf sup P[*%A ()],
z,8 A y

given € > 0, there exists a lower n-strategy 2,8 An for z such that

(2.14) 25V > PR (9), 5] — €2

for all measurable controls y.

Given any control y, let y have components y = (yy,...,¥g). Let
(zn, ») denote the outcome of (* SA 2(>), »). Then z is constant on §-squares
and y is measurable. Let z have components z = (z 13ee s z‘,) where

2y =20, =R AL (3L T Yy s Bl Yis)  R<J<B)

Assume without loss of generality that n < 8.

We can define a lower 7-(L)-strategy, LG, for z with the following prop-
erty:

Given any measurable control y, the z-outcome of (LG( ), y) denoted by
(3, 7, ) satisfies

(2.15) Il 'zVL,n - ?n"Ll <o(L)<e/6? whenlL > L,5,¢)

where o(r) is a positive function, o(r) — 0 as r — oo,

Indeed, we can define LG such that 'z"L'n agrees with ?,, for every n-inter-
val not containing points of the §-partition. For those n-intervals which do con-
tain points of the §-partition, ;L,n is the linear function joining the constants of
Z_ within a distance €. We do this in both r and x. Thus, at each §-point we

n
introducean error term of Ce/8% and Z;, , will be a member of ZX([0, T] x [0,B])
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with L = L,(8,¢) = Ce/82 (Cis a constant depending only on the control
set Z).

By the continuity of A it then follows from (2.15) that for all measurable
controls y

|P(Z 0 ¥) = PG I < €/26> whenL>L,(5,¢€)

P(Z,,) > P(7} 3) - €[28 (L>L,0,€)
and so using (2.14), (i) follows. The proofs of (ii)—(viii) are similar.

LEMMA 24. For each € > 0 and foreach L 20, M >0
(i) There exists 8,(L, €) such that

ViL)>, V" —€ ford<5,(L, €),1>0.
(ii) There exists 8,(L, €) such that

V)=, sVy —€ ford< 8,(L, €),1>0.
(iii) There exists & 3(M, €) such that

VUMY <, sV +e ford < 5,(M, €),1>0.
(iv) There exists 8 4(M, €) such that

V,() <,sVpte for 8 <8,(M, €),n>0.

(V) There exists 8} (L, €) such that

0
SV M L) >, V(M) — € for§ <8}(L, €),M>0,1>0.

(vi) There exists 81(L, €) such that

0
yoVa, L), sV, (M) — € for 8 <83(L, &), M>0,1>0.

(vii) There exists 81(M, €) such that

0
VM L)<, V(L) +e ford <&M, €),L>0,1>0.

(viii) There exists 83(M, €) such that

0
20V L)<, sV, (L) +e ford< 8lM, e),L>0,7>0.

Proor. (i) Let € > 0 be given and fix L > 0. Since for fixed L,
ZL([0, T] x [0, B]) is compact (in the topology of continuous functions or LY,
there exists a partition « of [0, T] x [0, B] such that given z; € ZL, there is
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a function z, which is a constant on each rectangle of the = partition with
llz; — z,ll <e. Note that « is independent of which z; € ZL we choose and de-
pends only on L and e.

Choose a; = a, (L, €) such that if we partition [0, T'] x [0, B] into
8,(L, €) = T/a, squares, then the §-partition will be finer than the n-partition.
Thus, given z; € ZL, there exists a function z, constant on 8-squares, for all § <
8,(L, €) with ||z - zLIILl <e

Now, since

V(L) = inf sup P[LA (¥),5]
LA’? ¥y

there exists a lower 7-(L)-strategy LG for z such that

(2.16) vaLy> P (»).5] —€

for all measurable controls y.

With the above &, (L, €) it is easy to see that we can define a lower n-strate-
gy’ 8A for z with the following property:

vaen any measurable control y, the z-outcome of (* 2 2(»),») denoted
by (zn, y) satisfies

(2.17) IZz0 =2l <€ whend <8,(L, ¢

where Z; . is the z-outcome of (LG( ), »). Here 7, will be a function which is
a constant on §-squares.

By the continuity of & and by (2.17) there is a positive function a(r), o(r)
— 0 as 7 — 0 such that for all measurable controls y

|P(Z,,5) — P(Z, , »)I < 0(8) <€ when 5 <§,(L ¢).

Combining this with (2.16) yields (i). Similarly (ii)—(viii) are shown.
THEOREM 2.2. Let (A), (B) hold. Then

@  Jm 2V exists, say Sm Vi =,v* and Jim vtey=,vt,
@  fm v @)= AN

. _ R e
W0ty o¥y e o == YO0

@)  lm ven=,r,
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0 0 0
U] Jim zVs(M)existsforeachM,says‘hn}, VM) =, v,
0
and Llir?. 70 VM, Ly=,V *(M) for each M >0,

0
)  lim V(M L)=,V* () for each M>0,
L~>o0

0 0 0
(vii) lim  V, (L) exists for each L, say gi_r:no )= V),

50

0
and LlliT“ 2oV M, L) =,V () for each L >0,

0
(viii) bl{l_l':l“ oV M, L)= yV ~(L) for each L > 0.

ProoFr. (i) Given €' > 0and § > 0, let € = 2¢'. Then by Lemma
2.3(i) there exists L, (8, €) such that

25V +e=>VUL) forL>L,@6,¢€),n>0.

In particular
(2.18) 26V +€=2 VL, (5, €) foralln>0.
Given this L, (8, €), by Lemma 2.4(i) there exists §,(L,, €) such that
V(L,6,€) >, 5 V1 —e fors <8,(L,,€),n>0.
In particular
(2.19) VLG >, 5 1,00 —€ foralln>0.
Combining (2.18), (2.19) we obtain
(220) V" +e=>VUL,G5,€)> 28, (L 0" —€ foralln>0.
Letting n — 0 in (2.20) and using Lemma 2.2(i) and Remark 2.2 we obtain
(21) VB e VLG, e, V119 ¢,

Let 8 — 0. Then L,(8, €) —>°eand §,(L,, €) = 5,(5, €) — 0 so that
(2.21) implies

lim inszs > lim V*(L) > lim sup zVG.
50 Lo 6-0
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As remarked before, lim;_, . V' *(L) exists since ¥ *(L) is monotone decreasing
in L; lim; , . V*(L) = inf, V*(L). Thus

lim ,V® existsand lim V% = _V* = lim V().
50 6—0 Lo

(ii) Given ¢! > 0 and § > 0, let € = 52¢!. Then, by Lemma 2.3(ii) there
exists L,(8, €) such that

2,6Vn t €2V (L) forL>L,5,¢),n>0.
In particular
.22 2,6Vg T €2V, (L,(8,€) foralln>0.
Given this L, (3, €), by Lemma 2.4(ii), there exists §,(L,, €) such that
VoL@, €) 2,5V, —€ ford < 8,(L,,€),n>0.
In particular
(2.23) Vn(Lz(S, ) P 2(L.6) Vfl —¢€ foralln>0.
Combining (2.22), (2.23) we get
(2.24) z,6 Vn te=> Vn(Lz(a’ e)) > 2,6 5(Ly,€) V"‘I —¢€ forall n >0.

Letting n — 0 and using Lemma 2.2(ii) and Remark 2.2 we obtain from (2.24)
(2.25) VB He> V(L,5, ) > V229 L

If we let & — 0, then L,(5, €) —> e and §,(L,, €) = §,(8, €) — 0. Then
(2.25) yields using part (i)

V> lm Vo) > v,

Thus ,V'+ =lim;_,,, V~(L) = inf, V~(L). Similarly we prove (iii)—(viii).

We introduce one final notion of value.

Given a positive integer ¥, let u = T/y and partition [0, T'] x [0, B] into
p-squares:

JyxJy = {t,x)E[0,T] x [O,B]:u,_l <t<ll1.l-l,,_1 <x <pl

forl<j,k<1,whereu,=i~u,u°=0,u7=T=B. We callJ, xJ; a

M-square.
DEFINITION. Let , , ¥ denote the upper n-value with z choosing control
z,6
functions constant on§-squares and y choosing control functions constant on
p-squares. The corresponding n-strategies are denoted by A, rFrn.

Similarly we define , , V.

2,
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(i)

(i)

(iv)
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(i)

(vid)

(viii)
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LEMMA 2.5. For each € > 0 and for each L = 0, M = 0,
(i) There exists 8 (L, €) such that

0
y'"V"(L) 2yuV'—e for8<8,(L,e),un>0.
z,6

(ii) There exists 8,(L, €) such that

0
V. Vn(L) 2, uVn—€ ford<5,(L, €),pn,n>0.

2,

(iii) There exists & 4(M, €) such that

0
VM) < o Vi +e ford <&M, e),u,n>0.
¥y,
(iv) There exists & ,(M, €) such that

0
- n(M)< wVo te for 8 <8,(M €),u,n>0.
y.

55

The proof of Lemma 2.5 is similar to that of Lemma 2.8 and is omitted.

LEMMA 26.

0
Jim V@)= lim VL),

0
lim V()= lim V(L)

Lo

0
#m vt = hm Vi),

0
im V-(M)= Jim Vo),
M~

lim lim ,,V*(M, L) = A}im Llim Vt, L),

M- L»a

il o 04 D)= lin i V0.,

lim lim ,,V*(M L)= lim lim VW, L),
L+ M—o 20 ( ) L— o M->oo ( )

lim lim ,,V~(M, L)= lim lm V-, L).

L=»o M->co L= M->00
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0
Proof. (i) Since V(L) < V *(L) for every L,
0
lim V@) < lim V*(Q),
Lo L=>oo
we need only show

0
(2.26) lim V*(@L)< hm V).
L—>oo
Since
ve(L) = inf sup P[Eas(), 5],
L,
given € > 0, there is a lower 8- (L)-strategy LAB such that

227 Vo(L) > P[EA(¥), ] —¢€
for all measurable controls y.

Let(zL s»¥) denote the outcome of (LAa( »),y) given a control y
with components y = (¥, ...,¥,). Suppose Z, 1,5 has components zL 5 =
(Zp, 15+ -+ » 21,4)- Define the lower 8-(L,)-strategy for z as follows for some
L, to be determined.

Let Z € Z denote the fixed element such that z; (0, x) = Z for all z; €
ZE([o, T] x [0, B]). Let

2 0
FoRs, = Zpa
0

where 7 Loy is the function defined on [0, §,] x [0, B] obtained by joining Z
to zL 1 = As ; linearly within a distance € of the #-axis

Let z play the same linear function in every B-mterval until it meets
215+ Assume without loss of generality the linear function meets Z; 5 in the
first &-interval. Then let

- 9 .
085,210 Y1) = 2142 = 21,2
and, for3<j<a
vy 2 3 Y 3 .
085, Lo Y1 ZLg2Y2s - v+ 21,110 Yj-1) = 2o = 2L,

where
~ _Lx ~ ~
zL,j_ As’i(ZL’l,yl,...,ZL'I_I,}’]_I).



DIFFERENTIAL GAMES WITH LIPSCHITZ CONTROL FUNCTIONS 67

0 0 0
Let LOZS = (L°A5’l, cees L°A8 o) Let Ly > max{L, C/e} where C is a con-
stant bounding the control set Z. Then

0 0 0
ZT1gs = Cryas s T1y0) €2°(00, T] x [0, B]).

Also it is clear that there is a positive function o (7), 6(r) — 0 as 7 — 0 such

0
that 12, 0 ?L,SHLI < 0(€). Thus, by the continuity of h, there is another

positive function ¢ going to zero with its argument such that for every measurable
control y

0
(228) \P(, Zp5) = P(3 Z1,6) < 0O

Combining (2.27), (2.28) and using the fact that
0 L0
Vi(L) = inf sup P[*45(»),5]
3k
as
we obtain
0
Ve(L) = Vi(Ly) — € — o(e).
Since ¢ is independent of §
0
V)= VL) —€—o(e).

Hence
ll'i_x’n” V+(L)>Lli_1n” 3+(L).
Similarly we prove (ii)—(viii).
THEOREM 2.3. Let (A), (B) hold. Then
@) b}i_a ,19+(M) =,V (i) l}i_:::“ yl(')"(L) =Vt
ProoFr. We will only prove (ii); (i) is similar. By Theorem 2.2 and Lemma

. . 0
26lmy ., V(L) =lim; .. y+@)=,V*.
Thus, given € > 0, there is L(€) such that

0
(2.29) P +e2ViL) forL>Lye).

0 0 0
Since ¥*(L) > V(L) >,V (L) for all L > 0 we have by (2.29)
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0
P +e= V(L) for L > L)

That is
. 0_ +
lm ¥ @L<,vt.
0
Note that lim; ., ,V ~(L) exists by monotonicity. Thus we have left to show
0 .
(2.30) SV +ez, vt for L sufficiently large.
Since

2,6 V7 = inf sup P[z, I'"(2)]
4 Pn

there exists an upper n-strategy T for y such that
2.31) 25 VT <Pl, TQ)] +e

for all controls z constant on §-squares.

Recall that n =T/B, 8 = T/ee. For convenience and without loss of gener-
ality we choose a,  such that a divides §.

Let Q5 = {class of all controls z which are constants on §-squares with
values in Z}. Then Qy is a component subject of L!([0, T] x [0, B])
(being finite dimensional).

Thus, there are a finite number of control functions z!, ...,2° € Qs such
that given any z € Q; there is an index i, 1 <i <, such that ||z — z’llLl <e.
Note that the z, 1 <i <, can be chosen so that they coincide for no (¢, x) €
[0, T] x [0, B]. Note also that s = 5(5, €).

Define the following upper 7n-strategy T'" for y:

Let z € Q; be given having components z = (z,, . . ., zﬂ). Let

?"'1(21) = Fﬂ’l(qulx[o,gl) =71
where |1z, -z‘|,<‘,(“,,,3,n,,l <eK,={t€[0,T]:ny=0<t<n,},¥i=
F’"’(zilxlx[o,s]) for each z,, with ||z, - 2'lx,x[o,31|'L, <e.
2@, 51,2,) = F"’z(zilxl x(0,8]» ¥p 2k x[0,81) = V3
where K, = {t € [0, T]: n, <t <n,},
5= 'f"n.z(qul xlo’B],'}‘;{, 21|K2x[o,31) for each z,.

In general we continue in this fashion until we reach the n-subinterval say
K,={t€[0,T]:n_, <t<m}suchthatn,=3,. Ink,
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f'ﬂ.l(zl, ;ia Zy, %, oo ,y{_p 21)
= 1l ~i i ~i =i
InK;,,={t€[0,T]:n,<t<7,}
~ ~ ~, ~‘ ~,
DG, Y 2, Ve a2 V2 P 214 ))
= Pnl+1g,i > i ~ik =3k
=TI @k, 1081 Vi -+ 5 Zlk x(0,81 V1> 2'lk,,  x10,8)) = Vis1
k
where ||z, - 2%Ik,  xo,B)ll 1 <€
~k o Pl i i >k
Yigr =T™7 @k x10,815 Y10 -+ -5 2l 10,810 Y1 2 Ik x10,B1)
for each z; , with
k
Nzp4y = 2%lg,,  x(o,81ll 1 <€
Proceed as above up to completion of the game. Define
I =", .. "),
Then T is defined on all of Q5 and since there are a §-partition points §, = 0,

8y,...,84,1n [0, T], by the definition of T'7 there are at most s* y-re-
sponses for every z € Q. If we let

= (1 i i
=(z Ile[o,B]’ z l1(2><[0,B]’ ceesZ IKIX[O,B]’

K

2l x10,810 -+ > 2Plxgxp0,8))

then, by the way in which Z was defined it is clear that 7 € 05 and
(2.32) llz - ?uL, <e.

Note that for each z € @y, the y-outcome of (z, ?"(z)) is a measurable
function.

Since there are at most s* y-responses of l"" against any control z € Q;
there is a pos1t1ve integer v = (8, €) such that we can modify I‘" into an
n-strategy ¥*“T'", where u = u(s, €) = T/, having the property that given any
control z € g

(2.33) ™ —y¥I,, <e

where J™ is the y-outcome of @, F"(z)), J# is the y-outcome of (z J"“'f""(z))
and 7 is constant on p-squares. Indeed the modification is similar to that
carried out in Iemma 2.4. Note that p is independent of 7.



60 E. N. BARRON

Now, (2.32) and (2.33) imply that the corresponding trajectories are with-
in € of each other. Thus combining (2.31), (2.32), (2.33) and using the con-
tinuity of h we obtain

(2‘34) 2,6 v <y’g Vn+ a(e)
2,

where o is a positive function going to zero with its argument and is independent
of n,u,8.

Now, by Lemma 2.5(i), for each L > 0, there exists a §,(L, €) > 0 such
that

0
(2.35) V&)=, V' -¢
2,6

when § <&,(L, €),n> 0, u = u(5, €). Combining (2.34), (2.35) yields
0
236) V<, VL) +o(e), <8, )u=u® €,n>0,

for another function ¢ as above.
Let n — 0 in (2.36) and use Lemma 2.2(i), (vii) to obtain

0
(2.37) JE< Y L)+, 8<8,(L e, n=uG,e).
Let (i) 8 — 0, (ii) 0 — O, (iii) L — o in (2.37). Thus, using Theorem 2.2
0
JH<lim V=) +0a(e)
L=>oo

which is (2.30). This completes the proof of (ii).

THEOREM 24. Let (A), (B) hold. Then
@ Jfm lm VLL)=,V7, @) lm lm Vs L=,V

M=o [~>o0

@ lim Lm V-4, L)=,V", (@v) lim lim V-@4L)=,V*.

M~—o00 [~ L~>00 M~>oo
ProoF. We only prove (i); the others are similar.
By Theorem 2.2(v)

lim o V*(M, L) =, 19+(M)

L—)u

SO

0
lim lim ,,V*(M, L) = hm Vo).

M~>oo L-bao

By Theorem 2.3(i)
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0
lim VY(M)=_V=.
M—boaz () y

Therefore
lim lim V@, L)= V.
M~ [~
But, by Lemma 2.6(v)
lim lim y°V+(M L)= lim lim VvtM, L).
M=o Lo M- L—>o0
Thus

lim lim y*@M, L) =

M~>00 [ —>00

COROLLARY 24.

@ im lim V¥, L)= Lm VM),
M~—00 [ —»0o Moo

(ii) lim lim V"M, L) = hm V),
M- o0 [—o00

(iii) lim lim VM, L)= lxm vtQ),
L—>% M->co

(iv) lim lim V"M, L) = hm V=(L).

L—>00 M->o0o

We now are in a position to prove Theorem 2.1 which we restate here for
convenience.

THEOREM 2.1. Let (A), (B) hold. If
(2.38) hm lim Vt(M, L) = hm lim VM, L)

Moo [0

then the differential game associated with (1.1)—(1.4) and payoff (1.7) has value
Viie V=V*=V"and

V= lim lim V*(M,L)= lim lm V*M, L).

M-w Low Lo Moo
ProoF. We always have
(2.39) RAF 2 AN ar N o
By Theorem 2.4 and the assumption (2.38), from (2.39) we get

im lm V¥, L)=,vt>2vt>V-> V"= lm lm V', L).

L0 M->o00 M- [~

That s, if (2.38) holds
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lim lim VY@M L)=_Vv*=v*=v"= V"= lm lm VY@M L)
Lo M~ M-+ L—>os
REMARK 2.3. Again we emphasize that the iterated limits in (2.38) always
exist. Note, e.g. that (2.38) holds when either lim sy 1), (e ) V ¥ (M, L) exists
or when one of the limits in (2.38) is uniform, e.g. if limy,_,,, V' *(¥, L) is uni-
form in L.
By Theorem 2.4, V' (M, L) may be replaced by ¥ ~(M, L) in (2.38). In
fact, if the iterated limits in (2.38) are equal, Theorem 2.4 implies
lim, ., imy,,.. V~M, L) = limy,,, lim;_,.. V™M, L).
REMARK 24. Let, V¥, V™ denote the upper and lower values, re-
spectively, of the differential game associated with (1.1)—(1.4) and payoff (1.7)
when both y and z are restricted at each step to choosing control functions which

are constants. , V' ¥, V™~ are Fleming’s w* and W (see [6]).

z rzy

(240) NAT TR AF N ok N o

and, if the hypotheses of Theorem 2.1 are valid V' + = V= yV =V, we
have

vit=,vt=, Vt=, V= V=V,

REMARK 2.5. All of the theorems and lemmas of this section remain valid
for more general payoffs of fixed duration of the form

P(y, z)=g(u)+f§f: h(t, x, u, y, z) dx dt

with suitable continuity restrictions on g and . Furthermore, the results are valid
for differential games governed by general parabolic or hyperbolic problems in
general domains.
We specialize now to the case when we have differential games governed by
ordinary differential equations and establish a general result holding in this case.
Consider a system of m ordinary differential equations

(241) axfdt=r(t,x,y,2), t,<t<T,,
with initial condition
(242) x(to) = Xq.

Let Y, Z be compact subsets of some Euclidean spaces R?, R9, respectively.

Note that x here is not a spatial variable, but represents an m-vector solu-
tion of (2.41), (2.42).

We assume
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r(t, x, y, z) is continuous in (t, x, y, z)
€ty Tyl xR™ x Y x Z;x *r(t, x, y, 2) k() (1 + |x]?)
where f,f)o k(f) dt < o and, for any R > 0

* lr@t, x, 5, 2) —r@t, X, 3, 7))
) < kg (O)1x — X+ 1y - 31 + 1z - 7)
forallt € [ty, T,y €Y,2€2Z,|xI<R, I¥| <R

where k(?) is a function depending on R and
satisfying [0 kp(T)dt <<o.

Consider a payoff
(243) P(y, 2) = 8e(To) + [ 1 bt x(0), 10), 20 .
Assume

g(x) is continuous in R™ and A(t, x, y, 2) is Lipschitz
(B, continuous in (¢, x, y, z) € [ty, To] x R™ x Y x Z.
Consider the ordinary differential game of fixed duration associated with
(2.41), (2.42) and (2.43). All terminology and notations concerning these games
will conform to Friedman [1], [2].
When the controls y, z must choose Lipschitz M, L functions on [t,, T}
we define as above V*(L), V*(M), V*(M, L). We also define similarly , V%,

SVe, ... et

THEOREM 2.5. Consider the differential game of fixed duration associated
with (2.41), (2.42) and payoff (2.43). Assume (A,), (B,) hold and assume the
game has value V, V.= V* = V= Then, given € > 0, there exist My, L, de-
pending only on €, r, g, h such that

M>My, L>L, imply |VY(M,L)—-V*|<e, |V (M L)-V|<e.

ProoF. By a modified result of Friedman-Fleming-Elliott-Kalton (see for
example [2], [3], [S], [6]) given € > O, there is §,(€) such that

(2.44) [,V - V¥ <e, [,Vs — VTI<e when s <8y (e).
Fix § <8y(¢). By Lemma 2.3(i), there exists L, = L, (8, €) such that

26V +e=>2VU L) forL 2Ly,n>0.

Note that we have placed, without loss of generality, € = €52.
Let n — 0. Using Lemma 2.2(i) we obtain
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(245) VP He2VL)  L>Ly).
From (2.44) and (2.45)
(2.46) Vt+2e2V*iL) (L=Ly).
Since we always have for each M =0, VY(L)= VM, LYy=>V~M, L) >
V—(M) by (2.46) we get
247)  vr+2c>VI) VM LY> VM, L)> V- (M).
From Lemma 2.3(iv) we have the existence of M, =M, (5, €) such that

(2.48) V,(M)> , sV, —€ for M>Mg,n>0.

Let n — 0 and use Lemma 2.2(iv) in (2.48)
(2.49) V-M)= Vs —¢ for M= M,.
Combining (2.47), (2.49) and using (2.44) we get
Vt+2e>V*iL)=V*TWM, L)

ZV MLZV M)ZV -2 M2 My, L > Ly).
And since ¥* = V™ we have the result. Note we have in fact shown

lim v*@Q)=v*t= lim v, L)
L= (M,L)—>(o,»)
= lim VM L)Y=V" = lim V- M).
(M,L)>(=,) M-

REMARK 2.6. Theorem 2.5 shows that when we know a priori that the
ordinary differential game of fixed duration has value then we can in fact choose
our controls to be Lipschitz. Theorem 2.5 combined with Theorem 2.1 shows
that

lim Lm V*M,L)= lim lm V', L)

M—o0 [0 L~ M—oc0
is a necessary and sufficient condition for value to exist in the case of ordinary
differential games.

REMARK 2.7. We can easily modify the proofs of the results in §2 so that
we can consider the controls to be infinitely differentiable rather than merely
Lipschitz. In fact we would have the condition

lim lim V*(e,v)=1lim lim V*(, y)

=0 y—0 Y-*0 ¢—0
where ¥ *(e, ) denotes the upper 5-(e, 7)-value when y, z choose control func-
tions given by
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v = [olt -9y ds, 2,00 = [t - )26)ds.

That is, y, z, are, respectively, the €, ¥ mollifiers of y, z, where y, z are measur-
able control functions. Here p, is a suitable C* function. See [9] for the theory
of mollifiers. This fact is useful in that the infinitely differentiable functions are
actually constructable.
REMARK 2.8. By monotonicity
lim Lm VM, L)= sup ixzf vtM, L)

M- [0

and
lim lim VM, L)= mf sup VM, L).
L—>00 M—> oo
Thus, by Theorem 2.1, the condition that value exists may be reformulated
as

inf sup V*(M, L) = sup inf V*(M, L).
L M M L

3. Approximating games. In this section we introduce a class of differen-
tial games associated with a system of ordinary differential equations whose solu-
tion approximates the solution of (1.1)—(1.4). Under the assumptions (A), (B)
in the setting of Lipschitz control functions we will show that the upper and
lower values of the approximating games converge to V *(M, L), V-(M, L), re-
spectively. Also, we will apply Friedman’s results [2], [3] on ordinary differen-
tial games to obtain information about our game governed by (1.1)—(1.4), (1.7).

Partition [0, B] of the x-axis by a partition II,, consisting of n subintervals
of equal length 8,, = B/n, where n is a positive integer:

M:0=xy<x; <x, <o <x<x;4,<*-<x,_,<x,=8,
x;=1i+0,.

Consider now the ordinary differential game G,, associated with the ordinary
differential system

G.1) ZT"’—— [Aw@) + Y@)] + F("y, "2), 0<t<T,
0"

initial condition

(32) w(0) = w,

and payoff

n n T n—1
Pn( y! Z) =f0 1_20 onh(ti x,‘r ui(t)i yi(t)’ Zi(t)) dt



66 E. N. BARRON

corresponding to the partition IT, of [0, B].
Here we have

[u, () 7 (o(x,) T
u,(t) #(x,)
W(t)'_—' . sy W = . .
_u,,_,(t)_ n—-1x1 -¢(X”_l).w n—1x1
1y (1) a(t)]
0 0
w=| = .
0 0
u,(1) b(t)
- -in—1X1 L n-1X1
- n
-2 1 0000 O Yo(®) 7
1 -2 10:.00 0 @)
0 1 -21-+00 0 , o= .
P () : ,
0 0 00 -++01 —2 2n=10) s
L dn—-1Xn-1
z4() 7
zl(t)
nz(t)= : ’
z”"‘(t).. nx1
Pf(ypzl)l
f(}’z’ 22)
F(w " =| -
-f(yn—l’zn—l). n-1x1

Note that (3.1), (3.2) are equivalent to the system of (n — 1) ordinary dif-

ferential equations
du;

G4 @ ;l; [ty @) + 4y 1 (0) = 2u D] + (D, (D)),

1<i<n-1,
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(35) u(0)=¢(x), 1<i<n-1, uy(=a(), u,(®) = Db,

for the n — 1 function u;(r).
In R**! we use the norm

Il = ( > %lx,.P) "

i=0
Note that if we let

(3.6) 5@ w, "y, "2) =01_2 [Aw + 7] + F("y, "2),

n
n-1
3.7 h,(t, w, "y, "2) = 3~ 0,h(t, x;, u;, ;, 2,),
i=0

then assuming conditions (A), (B) will imply conditions (A, ), (B,) hold for In
and h,,, for each n.

In the above game, G,, y chooses a measurable function y = y(t, x) with
values almost everywhere in Y and we place y,(¢) = y(t, x,), 0 <k <n — 1.
Then "y(f) is the vector above. Similarly for "z(f). We shall define the concept
of solution to (3.1), (3.2) for each choice of "y, "z to be given by the solution
of the integral equation

G8) WO =wo+ [ f,6w®, (), "2(Dds, 0<r<T

A solution then is uniquely determined for each choice of controls "y, "z under
the condition (A).
We have need of the

THEOREM 3.1. Let (A), (B) hold. Let y choose y = y,(t, x) €
YM([0, T1 x [0, B]), z choose z = z,(t, x) € ZE([0, T] x [0, B]). Place
these functions in (1.1) and solve the system (1.1)—(1.4) obtaining a function
u = u(t, x) given by (1.6). Put 3, (£) = ypr(t, X)), 2., (1) = 2 Lt x), 0<
k<n —1,in (3.1) and solve the system (3.1), (3.2) obtaining a vector w(t) =
©,(@), ... ,u,_,(t)). Then, given any € > 0, there is an N depending on the
functions f, ¢, a, b and the constants M, L, €, such that for eachi= 1,2, ...,
n-1

whenever n = N,

The proof of Theorem 3.1 is given in [7] for the homogeneous case. Our
condition (A) on f, ¢, a, b and the Lipschitz continuity of Y 2y, insure that
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the proof can be easily carried out in our inhomogeneous case as pointed out in [7].

DEFINITION. A function g defined on I x [0, B], where I is a subinterval
of [0, T'] is x-piecewise constant corresponding to the partition T, of [0, B] if
g = g(t, x) is a constant in the x direction on each subinterval of I, ; i.e. g(z, x)
=¢;(t),x;_y <x<x;, t€I1<i<n If the partition II, is understood we
simply say that g is x-piecewise constant.

A function g is x-piecewise constant with A-slope restriction corresponding
to the partition 11, of [0, B] if g = g(t, x) is x-piecewise constant corresponding
to the partition 11, and

forall t €1, 1 <i<n, where 4 is a positive constant. If I, is understood we
simply say that g is x-piecewise constant with A-slope restriction.

Denote by Y¥(I; I1,) the class of all functions defined on / x [0, B] which
are Lipschitz (constant M) in ¢ and which are x-piecewise constant with M-slope
restriction corresponding to the partition I1,, and which take values in the given
compact set Y. Similarly, ZZ(J; I1,) is the class of all functions defined in I x
[0, B] which are Lipschitz (constant L) in ¢, which are x-piecewise constant with
L-slope restriction corresponding to the partition II,, and which take values in the
given compact set Z.

For a given partition II,, the terminology and concepts of the ordinary
differential game associated with (3.1), (3.2) and payoff (3.3) will conform to
Friedman [1], [2]. Assuch we let "V%, 7 Vs denote the upper and lower §-
values, respectively, for § = T/a, a a positive integer.

The defining upper and lower 8-strategies will be denoted by "I'®, "y,
nAS "Ag. Then, as in Friedman [1]

"y® = inf sup P,["Ag,"I%], "V = lim "V?,

(3‘8) nAa nrs 6—0
(3.9) "Vs = sup inf P[5, "A°], "V = lim "V;.
' nra nAS -0

Note that when y, z are restricted to choosing Lipschitz control functions
then the solution u(t, x) of (1.1)—(1.4) given by (1.6) is continuous in (¢, x)
with u (¢, x) and u_ (¢, x) also continuous and u(t, x) then satisfies (1.5) every-
where. Then, by Theorem 3.1 it is easily seen that when » is sufficiently large

du;(1) _ du(, x)
dt ot

<e¢ t€[0,T],x;_,<x<x,

where w(t) = (u(?), . . . , u,_,(t)) is a solution of (3.1), (3.2). Thus
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%

dw n B dui(t) 2
n, n — = su - -

"fn(t’ w, "), Z)"<”dt " telg),Tl (Eon dt
But
n Bldu|2\%  p1dut, x)|?

. S1=7Y = <leC

,l,l_lfln(izzon dt ) J.° ot <l

where ¢ (¢) is a continuous function on [0, T'], independent of n. Hence

(3.10) £, w "y, "I < sup lc()] < C = constant
t€(0,T)

for all controls "y, "z determined from Lipschitz functions. Similarly

(3.11) I, (e, w, "y, "2)l < C

DEFINITION. When y is restricted to choosing functions in Y ([0, T]; 11,)
and z is restricted to choosing functions in ZL([0, T]; 1,), denote by " Ve, L),
"Vs(M, L) the upper and lower, respectively, - (M, L)-values of the differential
game associated with (3.1), (3.2) (or (3.4), (3.5)) and payoff (3.3).
Thus, if we denote functions in Y ([0, 7]; 11,,) by "y,,(¢), then "y,,(t)
is the vector
Yy Mo(t )
Y1 (0

u®=| : = "y (e, ).

YMn - l(t)

Similarly, if functions in ZZ([0, T']; I1,) are denoted by "z, (), then "z, (t) is
the vector

~ zLo(t) b

zp,(0)
nz, (t) = . ="z, (¢ x).

.
3

- an—l(t)-

Denote the corresponding 8-strategies by "M, "M mLA® and "LA, .
As in §2 we have

"viM, Ly= inf sup P,[*fA,,"MT?],
nLAs nMpé

nVsM, LY= sup inf P,["MIy,"LA%],
uMl-.8 nLAS
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and by (3.10), (3.11), lim;_,, "V®(M, L) ="V *(M, L) and lims_, o "V;(M, L)
="y ~(M, L) exist uniformly in n, M, L when (A), (B) hold.

We will use results similar to those stated in §2 for V3(M, L), Vs(M, L).
The proofs will be similar. Also we shall use definitions and results for "% (M),
"Vy(M),"V5(L),"Vs(L) and limits as & — 0. The notation used is ob-
vious.

DEFINITION. Let "V8(M, L) denote the upper 8- (M, L)-value of the dif-
ferential game associated with (1.1)—(1.4) and payoff (1.7) when the players y, z
are restricted to choosing control functions which are members of
YM([o, T]; 1,) respectively. Thus

n"pSM, Ly= inf sup P[*LA,,"MI?].
]
’lLAa nMrﬁ

Similarly we define
"VsM,L)= sup lim P["MT,, "LA%].

"MI‘5 nLAS
Again we use results similar to §2. For example when (A), (B) hold
(3.12) ny+M, L)= lim "V3M, L),
50
(3.13) "V-(M, L) = lim "V, (M, L).
50

We now prove various lemmas concerning the intermediate games.

Lemma 3.1. Let (A), (B) hold. Given € > 0, there is an N depending on
6, f ¢ a b, h, M, L, such that when n >N

(3.14) "7, L) - VM, L)l <e,
and
(3.15) |"7-M, L)- V-, L)l <e.

ProoF. We only show (3.14); (3.15) is similar.
Since
VM, L)= inf sup P[A;,MI%],
Lp, Mps
for € > 0 given, there is an upper §-(M)-strategy MP3 for y such that

(3.16) VM, L) < Plz,, MT8(z,)] +e

for all controls z; € ZL([0, T] x [0, B]).
Given any control z; =z, (¢, x) € ZL([0, T] x [0, B]), let (z, [y



DIFFERENTIAL GAMES WITH LIPSCHITZ CONTROL FUNCTIONS 71

denote the outcome of (z, MFs(zL)). Note that y3, = ~:,(t, x) €
Y™([o, T] x [0, B]).

From well-known properties of equicontinuous classes of functions we can
define a 6-strategy nMES for y having the following property:

Given any control z; =z, (¢, x), there is a constant N V=N, M, L)
such that

(3.17) Nys - "?,f,uL, <e whenn >N

where ”?,f, is the y-outcome of (z,, "MFS(ZL) and "}',f,, e YM(o, 71; m,).

Let u3; denote the solution of (1.1)—(1.4) corresponding to (373, z,) and
let "uf, denote the solution of (1.1)—(1.4) corresponding to "%,z L) We
have by (1.6) and the uniform continuity of f and

|ug (2, x) = Mug(t, x)|

<forff G, x; 7, N f(ypy(7, §), 2,(7, £))
= f("yp(r, £)z, (7, E))dE dr

the existence of a positive function o () — 0 as { — 0 such that
(3.18) NuS(, x) = "ub(t, ). <o(n)<e whenn>N'.

Thus, since A is continuous, there is another positive function o(¢) — 0 as
§ = oo, independent of & or any controls such that by (3.17), (3.18)

(3.19 \P(Y5, 2,) — P(" Sy, z) < o(n) < e

when n > N for all controls z, .
By (3.16) we have using (3.19) that when n > N

(3.20) VoM, L) < Pz, "MT%(z,)] + 2

for all controls z;, € ZL([0, T] x [0, B]).

We must show (3.20) holds for all controls "z, € ZX([0, T];11,). By
using e-nets for ZL([0, T] x [0, B]) and recalling the definition of
ZX([0, T]; 1,) it is easily seen that ZZ ([0, T]; I1,) is a compact subset of
L'([0, T] x [0, B]) independently of n.

Given "z, € ZL[(0, T]; M), let z, denote the function in
ZL([0, T] x [0, B]) constructed from "z, by joining the midpoints of each step
of "z, by a linear function. We know that z L, constructed in such a manner is
indeed in ZZ([0, T'] x [0, B]) because of the L-slope restriction on "z, . Thus
z; will have Lipschitz constant L independent of n. Thus, there is a constant



72 E. N. BARRON

N'l(e, M, L) such that
3.21) "z, - zll,, <CO,L<e whenn>N'!

where C is a constant depending only on the control set Z. Note that by com-
pactness of Z£([0, T]; IM,) we can determine N'!! as independent of which
"z, € ZL([0, T]; 1,) we choose.

Define for any control "z, the upper &-strategy nMT

for y as follows:
If "z, - zll y <e > N'1) then

(3.22) ~
anﬂS(nzL) = an-uS(zL) = n;’ff .

Note that we are able to do this with N!! independent of & since the approxi-
mation is in the x-variable, not .

Thus, by (3.21), (3.22) and the continuity of A, there is another positive
function independent of § or controls, a({), with a(¢) — 0 as { — oo such that,
for all controls "z, ,

(323)  |P("¥Yy. 2,) — P("¥E, "z;)| < o(m)<e whenn>N'1,

Letn >N=N(e f, h ¢, a b, M, L) = max(N', N'!). Then, by (3.23),
(3.20) we have for all "z, € ZL([0, T];11,)

VoM, L)< P["z;, "MT3("z,)] +3¢  (n>N).

This implies V8(M, L) <"V®M, L) + 3¢ (n >N)so that V*(M, L) <
"y *+M, L) + 3e. Similarly we can show V' (M, L) ="V *(M, L) — 3¢ when
n 2 N and thus (3.14) is established.

The proof of the following is similar to the proof of Lemma 3 in [8].

LeMMA 32. Let (A), (B) hold. Let ™u(t, x) denote the solution of (1.1)—
(1.4) when y chooses

"yu = "u(t) = "yp (e x) € YM([0, T]; 11,)
and z chooses
nzL = nzL(t) = nzL(t’ X) (S ZL(IO, T] 5 “n)'

Let w(t) denote the solution of (3.1), (3.2) corresponding to the controls

Y@ ="yp it x2), 21 () = "2, (8, %) (1 <k<n—1). Wealso write these
as u("ypr, "z;), w("yyy, "z ), respectively. Then, given € > 0, there is a con-
stant N= N(e, h, f, ¢, a, b, M, L) such that

[Py "2,)) — P,w("ypy, "2 )l <€
whenever n 2 N.
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Proof. By (1.7) and (3.3)
IP@("ypy, "z.)) — P,w("ypp, "z )

= l f f f : h(t, x, u(t, x), "y, (¢, ), "z, (¢, x)) dx dt

- f: ni‘ 6,,h(t, x;, uy(£), ypr(0), zLi(t))dtl
i=0

<J

”z-l f::+l h(t’ X, l‘(t, X), yMj(t)’ zLi(t)) dx
i=0
- ”il On h(t. Xis u,(t), yMi(t)’ zLi(t)), dt
i=0

< Liol f:f::+l | Az, x, u(z, x), yMi(t), ZL,'(t))

- h(t, x;, ui(t)’ yM,'(t)a ZLi(t))l dx dt
< g ST L7 thte 5wt ), i, 2,0

- h(ty X, ui(t), yM,’(t)! zLi(t))ldx dt

+ g Jo S ot 1ne 2 w(®, yye), 2,

Using now the continuity of 4 and Theorem 3.1 the lemma follows.

CoROLLARY 3.1. Let (A), (B) kold. Then, given € > 0, there is a con-
stant N =N(e, f, h, ¢, a, b, h, M, L) such that

(3.29) 1"V, L) -"V*M L) <e  @>N),

(3.25) "V-M, L)-"V-M, L)I<e (n>N).

THEOREM 3.2. Let (A), (B) hold. Given € > 0, there is a constant N =
N(e f, &, a, b, h, M, L) such that
VM, L) -"V(M L) <e (@m>N),
[V-M,LYy-"V-(M, L)l <e (n=N).
Theorem 3.2 follows immediately from Lemma 3.2 and Corollary 3.1.
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THEOREM 3.3. Let (A), (B) hold. Consider the ordinary differential game
associated with (3.1), (3.2) (or (3.4), (3.5)) and payoff (3.3). Assume the game
has value for every n: "V* ="V~ ="V. Then

26) lim lim "V*M, L)= lim lim "V*(M, L)y="V="y*t =np-
(3' ) Lo M- M- [—>oo

uniformly in n.

Proor. By (3.10), (3.11)
lim lim "V*WM, L), lim lm "V, L)

Lo M—>oo M~>o0 [ =00

exist uniformly in n.
By Theorem 2.4 and the Friedman-Elliott-Kalton-Fleming theorem [2],
(31, 5], [6]
"yt =ryt = lim lim "V*M, L)

327 Loveo Movee
V- ="V~ = lim lim ny+M, L).
M~>00 [ —o0o

By hypothesis "Vt ="V~ and the result follows. We only must explain how
we mean ;’V*, "V ~. Note that in the proof of Theorem 2.4, M, L depend only
on §, € and § is independent of n. Thus (3.27) holds uniformly in n.

We define the following with B = T although the results hold if B # T.

Given positive integers &, §, n,let § = T/a, n = T/f and [I,, be the par-
tition of [0, B] given by I1,: 0 =x, <x, <:++<x,_,<x, =8, x;=
6, i 6,=B8B/n

Then we define similarly as in §2,

@7 V8 _upper 5-value of the game associated with (3.1), (3.2) and payoff
(3.3) when, at each §-subinterval, z chooses a measurable function z = z(t, x)
constant on §-squares and then we place "z(t) = (24(¢), . . . , z,,_,(¢)) where
7, () =2(t, x;) (0<k<n—1). The player y chooses arbitrary measurable
vectors determined from measurable functions y = y(t, x).

o= ”inAfs o P, ["A;,"T0].

Thus, in z,g V7, by the restriction placed on z, z remains independent of n.

(i) ,, 5 V" —upper n-value of the game associated with (3.1), (3.2) and pay-
off (3.3) when, at each n-subinterval, z chooses a measurable function z =
z(¢, x) constant on §-squares and then we place "z(r) = (z,(¢), . . . , z,_,(£))
where z, (1) = z(t, x,) (0 <k <n —1). The player y chooses measurable vec-
tors determined from measurable functions y = y(t, x).

0V = inf sup P,["*%A,,"T"].
' nz,SAn "rﬂ
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Thus, in , V'™, by the restriction placed on z, z remains independent of n.

Similarly we define ) 14 28V 5 V50 3,8Vns 2.8Vs 2V, ete. With

these definitions, all of the lemmas and theorems of §2 hold independent of n.

4. The Isaacs condition for games with partial differential equations. Con-
sider the differential game associated with (1.1)—(1.4) and payoff (1.7). Let

oy TCw D= o {p-10.0+ [ 65,03 Dax)
(pERY),

Hu )= maxmin {p - £3,2)+ [t % .3, s}
YEY 2€2
(r ERY).

THEOREM 4.1. Let (A), (B) hold. Suppose H™*(t, u, p) = H~(t, u, p) for
each (t, u, p) € [0, T] x R! x R'. Then the differential game associated with
(1.1)<(1.4) and payoff (1.7) has value V, ie. V=V =y,

ProoF. By Theorem 2.1 it is enough to show that
4.3) lim lim VY@M, L)= Mlim Llim v, L).

L—>00 M=>oo

42)

Define for p, €R"
(4‘4) Hn+(t’ w, pn) = min maX{ pn * fn(tr w, "}’: nz) + hn(t’ w, n}’» nz)}:
nz ny

@45) Hy(twp,)= max n;m {pp £t W, "p, n,) + B (2, w, "y, "2)},
y z

where f,, h,, are given by (3.6), 3.7),"y = (¥gs++ « s Vp_1 "2 = @gs - -+ »
z,_,). By hypothesis H* (¢, u, p) = H(t, u, p). This implies for each n
(4'6) Hn+(t’ W, pn) = Hy:(t’ W, pn)’ (tr W, P,,) e [0, T] X R” X Rn.

That is, the Isaacs’ condition holds for the ordinary differential game associated
with (3.1), (3.2) and payoff (3.3). Thus, by the Friedman theorem claiming exis-
tence of value when (4.7) holds (see, for example, [2], [3]) we have for each n

4.7 ny=npyt-npy-
Thus, by Theorem 3.3,
lim lim "V*(M,L)= lim lim "V, L)="vV*.

M-—o00 oo Lo M-eo
Thus, by Theorem 3.2, and since lim, " V'* can easily be seen to exist, we
have
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lim lim V*(M, L)= lim lim V*(M L)= lim "V* = lim "V

M~ I —>00 L0 M—oo n->oo n-—»>oo

and so (4.3) holds.
Thus, we have by Theorems 2.1 and 4.1 if the Isaacs condition holds

V=¥V*=V"= lim lim V+(AI,L)=Llim Mlim VM, L) = lim "V.

M- L—>oo n—>co
REMARK 4.1. The results of §§3 and 4 can be easily extended to differen-
tial games of fixed duration with partial differential equations for more general
payoffs of the form

P(y, z)=g(u)+_fg'f“)B h(t, x, u, y, z) dx dt

with suitable continuity restrictions on g, A. Also the results are valid for games
governed by general parabolic or hyperbolic problems in general domains with
suitable difference approximations.

REMARK 4.2. The results of §§3 and 4 extend easily to the important case
when the control functions appear also in the initial and/or boundary conditions.
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